Abstract Solutions to Einstein's field equations describing rotating fluid bodies in equilibrium permit parametric (i.e. quasi-stationary) transitions to the extreme Kerr solution (outside the horizon). This has been shown analytically for discs of dust and numerically for ring solutions with various equations of state. From the exterior point of view, this transition can be interpreted as a (quasi) black hole limit. All gravitational multipole moments assume precisely the values of an extremal Kerr black hole in the limit. In the present paper, the way in which the black hole limit is approached is investigated in more detail by means of a parametric Taylor series expansion of the exact solution describing a rigidly rotating disc of dust. Combined with numerical calculations for ring solutions our results indicate an interesting universal behaviour of the multipole moments near the black hole limit.
2 view", a regular, non-asymptotically flat spacetime -containing the fluid body -with the extreme Kerr "near-horizon geometry" (also called "throat geometry" [6] ) at spatial infinity results. Similar phenomena were observed for limiting solutions to the static Einstein-Yang-Mills-Higgs and Einstein-Maxwell equations [7] [8] [9] [10] [11] . Strictly speaking, there is not yet a horizon in the limit, and hence the denotation "quasi-black hole" used by Lemos et al. [9] is also appropriate. However, as already discussed by Bardeen [12] , the slightest dynamical perturbation will lead to a genuine black hole. Therefore, we continue to use the term "black hole limit". Such a limit was also found numerically for uniformly rotating fluid rings with various equations of state [13] [14] [15] .
It was shown in [16] that the black hole limit of a (uniformly) rotating fluid body in equilibrium always leads to an extremal Kerr black hole 1 . A necessary and sufficient condition for the limit is the parameter relation [18] M − 2ΩJ → 0,
where M denotes the total (gravitational) mass, J the angular momentum and Ω the angular velocity 2 . Note that Lemos and Zaslavskii [19] have shown in a more general context that quasi-black holes are always extremal if infinite surface stresses are excluded.
In [15] evidence for a universal behaviour of the Geroch-Hansen gravitational multipole moments [20, 21] near the black hole limit of rotating fluid bodies was reported. In the present paper, these results are confirmed and extended. In particular, for the disc of dust, a parametric Taylor series expansion of the exact solution at the black hole limit is derived. The multipole moments can be calculated according to the algorithm introduced by Fodor et al. [22] using the Ernst formulation of the stationary and axisymmetric vacuum Einstein equations [23, 24] .
2 The Ernst potential of the rigidly rotating disc of dust
The metric and the Ernst potential
The asymptotically flat spacetime of a rigidly rotating disc of dust surrounded by a vacuum can be described using the metric
where the functions e 2k , e 2U and a depend only on the canonical Weyl coordinates ρ and ζ, and not on the time coordinate t and the azimuthal angle ϕ, corresponding to stationarity and axial symmetry. The equatorial "plane" is given by ζ = 0 and the axis of rotation by ρ = 0.
The thick line is the infinitesimally thin disc of dust. The disc has a radius ρ 0 and rotates about the ζ-axis.
Einstein's vacuum field equations, in the case of stationarity and axial symmetry, are equivalent to the complex Ernst equation [23, 24] (ℜf )
where f (ρ, ζ) is a complex function called the Ernst potential, and ∇ 2 and ∇ are respectively the Laplace and the gradient operators in a three dimensional Euclidean space, as if ρ, ζ and ϕ were cylindrical coordinates. The metric potentials can then be calculated from:
where b(ρ, ζ) is the imaginary part of the Ernst potential b := ℑf (so f = e 2U + i b). For asymptotically flat solutions with the gravitational mass M and angular momentum J, the behaviour of the Ernst potential at infinity is
where r := ρ 2 + ζ 2 and tan θ := ρ/ζ.
The rigidly rotating disc of dust
The thin disc of dust is represented in Fig. 1 . It is located at ζ = 0, ρ ≤ ρ 0 and rotates with the constant angular velocity Ω with respect to infinity about the ζ-axis. It is useful to introduce a potential V by
For any uniformly rotating fluid body in equilibrium 3 the function V is constant (V ≡ V 0 ) along the surface of the body (the disc "consists" of a surface only). This constant V 0 is related to the relative redshift Z 0 of photons (without ζ-component of orbital angular momentum) emitted from the surface and received at infinity via e −V0 − 1 = Z 0 .
The surface mass density is not constant within the disc: it must vary in a unique way such that each particle of dust can follow a geodesic of constant ρ, all with the same Ω, by the sole effect of gravitation. The physical parameters that we just mentioned can be combined into a "relativistic parameter" called µ:
The disc has a set of solutions that can be specified by fixing two parameters. But by using normalized and dimensionless coordinates, the disc can be characterized by a single parameter. Thus, from its Ernst potential we can extract dimensionless combinations of physical parameters as functions of µ alone. The gravitational mass M , the angular momentum J, the imaginary part b 0 of the Ernst potential at the centre of the disc (ρ = 0, ζ = 0 + ) and the previously introduced parameters are given by
where sn(u, k), cn(u, k) and dn(u, k) are the Jacobian elliptic functions, and h, h ′ ,Î and c 1 are the following functions of µ:
The Ernst potential for a uniformly rotating disc of dust is given in [25, 26] for the whole spacetime in terms of hyperelliptic theta functions and quadratures.
Since the multipole moments of stationary and axisymmetric configurationswhich contain all the information about the exterior gravitational field -can be obtained from the Ernst potential on the symmetry axis, it is sufficient to restrict ourselves to this axis, where the potential becomes simpler, see [27] . The representation of the potential that we will use is considerably different from the one given in [27] , but all the necessary relations are provided in detail in [28, 5] .
To make the Ernst potential of the disc a function of one physical parameter, in our case µ, we begin by introducing the normalized and dimensionless coordinates x := ρ/ρ 0 and y := ζ/ρ 0 . The potential on the axis is obtained by evaluating it in the limit x → 0; it then becomes a function of two variables: f (µ; x = 0, y) → f (µ; y). By restricting ourselves to the positive part of the axis (y > 0), the Ernst potential can be written as follows:
with the following functions defined as real functions of µ and y:
and ϑ 2 being the Jacobian theta function defined by
The disc solution is physically relevant from the Newtonian limit given by µ → 0 to the ultra-relativistic limit, i.e. the black hole limit, given by the smallest positive value of µ for which cn(Î, h ′ ) = 0. This "upper limit" of µ is called µ 0 , i.e. 0 < µ ≤ µ 0 = 4.6296618434743420427 . . .
2.3 The black hole limit of the disc
In the black hole limit, the source shrinks to the origin of the Weyl coordinate system, i.e. for the disc we have ρ 0 → 0. Therefore, it is appropriate to introduce two new pairs of dimensionless Weyl coordinates in addition to x and y, one normalized with twice the angular velocity Ω and a second one normalized with the mass M (note that 2ΩM → 1 in the black hole limit, hence the two normalizations become identical in the limit):
ρ := 2Ωρ , ζ := 2Ωζ and (15a)
We will also use this "tilde" and "hat" notation to make some physical parameters dimensionless. The logic of this notation is that a "tilde" introduces powers of 2Ω such that the parameter becomes dimensionless (mass M ≡ 2ΩM , angular momentum J ≡ 4Ω 2 J, etc.), and the "hat" notation does the same with powers of M (mass M ≡ 1, angular momentum J ≡ J/M 2 etc.). These normalized coordinates can be introduced in the Ernst potential of Eq. (13) by rewriting y with the help of 2ΩM = M (µ) and Ωρ 0 = Ω 0 (µ) in one of the following two ways:
The black hole limit of the disc is reached for µ → µ 0 , or equivalently for e V0 → 0. As discussed in the Introduction, there is a separation of spacetime in the limit. We are interested here in the "outer world" given by the extreme Kerr metric outside the horizon. Note that the horizon of the extreme Kerr metric is situated at ρ = ζ = 0. On the axis, the outer world corresponds to finite values of ζ or ζ, while the "inner world" is described by finite values of y. If we evaluate all the functions from Eq. (13a) in the black hole limit for ζ > 0, we find:
This gives a potential which is identical to the Ernst potential of the extremal Kerr black hole on the (upper part of the) axis:
This potential can uniquely be extended off the axis and reads
where r := ρ 2 + ζ 2 and tan θ := ρ/ ζ.
Leading order behaviour of the solution close to the black hole limit
Taking the Ernst potential of any asymptotically flat solution at ρ = 0, one can expand it at ζ → +∞ in the following way:
The coefficients m n are the same as those used in [22] to compute the multipole moments defined by Geroch [20] and Hansen [21] . The first two coefficients are m 0 = M and m 1 = i J. Let us rewrite the coefficients in a normalized and dimensionless form:
Note that the k n correspond exactly to the coefficients m n of a Kerr solution with mass M and angular momentum J, meaning that m * n = 1 for black holes. It turns out that the following relations hold in the black hole limit:
Actually, numerical evidence suggests strongly that (21) holds for a large class of solutions (not only the disc) with parametric transition to a black hole 4 . Indeed, Eq. (21a) was verified in [15] (in a different but equivalent form) for several sequences of numerical solutions describing rotating fluid rings reaching the black hole limit. We have checked that the second property (21b) holds for these sequences as well. Note that the relations (21) also hold for the normalized Geroch-Hansen multipole moments (m * n replaced by the Geroch-Hansen moments normalized with the k n ). This follows directly from the structure of the expressions given in [22] .
It can easily be concluded that the Ernst potential of any fluid configuration having a black hole limit (e V0 → 0) and fulfilling the conditions (21) can be decomposed into an Ernst potential f Kerr of the Kerr solution with the same mass and angular momentum and a residual potential R of order e 3V0 :
Note that f Kerr is not restricted to J ≤ M 2 as it is for black holes. Indeed, rings and discs have J ≥ M 2 , thus f Kerr is given here by the axis potential of a "hyperextreme" Kerr solution. In the above equations one may take M as one parameter and consider J as a function of M and of the second parameter e V0 , i.e. J = J(M, e V0 ). For the disc solution, J/M 2 is a function of e V0 alone. At the black hole limit, e V0 = 0, J = M 2 and R vanishes. Comparing Eqs (22) with Eq. (9) one can see that R must also decay rapidly in the far field, R = O(ζ −3 ), corresponding to the fact that f Kerr already contributes the correct first two multipole moments. Eqs (22) can be extended off the axis with f Kerr as the Ernst potential of the general Kerr solution. While f and f Kerr are then both solutions to the Ernst equation, R is of course not -due to the non-linearity.
Taylor series at the black hole limit
Our aim is to expand the Ernst potential f (µ; ζ) or f (µ; ζ) of the disc solution at the black hole limit (µ → µ 0 ) in terms of powers of (µ − µ 0 ). Such an expansion can then easily be transformed to an expansion in terms of the more universal parameter e V0 . To find an explicit form of the Taylor series, we make use of the computer algebra systems Maple and Mathematica and we divide the work in two steps. First, we write down the series of all functions that depend on µ alone. Then, we do the same for the remaining functions which depend on µ and ζ or ζ.
Series of functions of µ
The set of functions that depend on µ alone is listed in Eqs (12) . For each of these functions, the resulting derivatives of µ in the limit µ → µ 0 give pure numbers.
The direct computation of a series forÎ with the form given previously is impracticable because zeros come out for some denominators. To avoid this pathology, we rewrite the function with the substitution x = µ sin 2 φ. This also has the effect of removing the µ-dependence of the upper limit of integration: The series readŝ
where decimal numbers are truncated after 5 significant digits (we omit the ellipsis after each number from here on). Similarly, the derivatives of all other functions of µ that we need for the Ernst potential can be calculated recursively. Thus we can already present Taylor series of a few relevant parameter functions such as the Ernst potential at the centre of the disc, given by f (ρ = 0, ζ = 0 + ) ≡ f 0 = e 2V0 + ib 0 , as well as the dimensionless products Ωρ 0 and 2ΩM . These functions need to be expanded with high numerical precision since they enter into the remaining series expansions.
Let us now introduce the following notation for the n-th order Taylor approximation A n of a function of µ near the black hole limit:
where b 0 (µ) is used as an example. For the short list of functions that we have introduced, we show their first expansion coefficients a j in Table 1 . The same functions are also plotted in Fig. 2 with their respective Taylor approximations of order n = 5 and n = 10. This figure allows us to assess the quality of the Taylor series. Approximations with n = 5 and n = 10 are indistinguishable from the exact function on the plot for µ > 2, while polynomials of higher orders (n = 10 versus n = 5 on the plot) improve the approximation near the Newtonian limit (µ → 0) reasonably well. In Fig. 3 , one can see that the Taylor series seem to converge to their respective exact functions from the black hole limit (µ → µ 0 ) all the way down to the Newtonian limit (µ → 0). The convergence is readily seen in the figure with e 2V0 , while for the three other functions, one must take into account the logarithmic scale to appreciate it. Since the function e 2V0 is related to the redshift parameter as given in Eq. (10), 11 we can calculate how wrong the redshift becomes from the approximations.
In the Newtonian limit, where the Taylor approximations have the greatest deviations, the redshifts, approximated by Z
.0567 × 10 −3 , 4.2302 × 10 −4 for n = 5, 10, 15 respectively, while of course Z 0 → 0 is the correct result.
Series of functions of µ and ζ
The next step to obtain a series of the disc's axis potential is to expand the remaining terms which depend on both µ and ζ. To this end, we introduce the normalized coordinate ζ ≡ 2Ωζ in every function given in Eqs (13) . By computing series at µ = µ 0 for L(µ, ζ), S(µ, ζ), H(µ, ζ), Z(µ, ζ), A(µ, ζ) and T (µ, ζ), we can then determine the series of N (µ, ζ), which can be combined with the series of Q ± (µ, ζ) to obtain the Ernst potential of the disc on the axis.
For the function L(µ, ζ), it is helpful to carry out the substitution x = µ sin 2 φ, as in Eq. (23), in order to calculate it numerically:
where Ω 0 is a function of µ already expanded before. Once the integrand is expanded in a series in (µ − µ 0 ), the integral becomes easier to perform on each individual term of the expansion. This series contains polynomials of 1/ ζ with odd exponents and reads
where numbers are again truncated after five significant digits. The next functions to expand, S(µ, ζ) and P (µ, ζ), do not require anything other than a direct computation of the series from the computer. The series for S reads
+ 0.0022735 − 0.0061646
The function H(µ, ζ) is not difficult to expand by calling P (µ, ζ) where needed. Note that the sign from the factor "sign(y − τ )" has to be chosen to be positive , and to n = 0 . . . 15 for Ωρ 0 and 2ΩM . The lines are ordered from the smallest n to the largest when one follows the abcisssa from right to left. The parameter µ is shown on the abscissae and the ordinates show on a logarithmic scale the absolute value of the deviations. The plunges to zero for a few curves only mean that the corresponding polynomials A n intersect the exact function at that point. since y → ∞ for finite ζ at the black hole limit. Of course, our series will diverge in a certain region near the disc. This is related to the previously discussed "separation of spacetime" as µ → µ 0 . The result for H is H(µ, ζ) = − 0.055908 + 0.012264 + 0.0013618
The remaining functions Z(µ, ζ), A(µ, ζ) and T (µ, ζ) all depend on the elliptic integrals given by X(µ, ζ) and Y (µ, ζ). Since we restrict ourselves from now on to the above mentioned "plus sign", the latter functions become simply X = E(υ, h ′ ) and Y = F(υ, h ′ ). A good strategy to produce series of these functions is given by expanding the right hand sides of
Then, the Taylor series of F(υ, h ′ ) and E(υ, h ′ ) can be computed as series containing derivatives of the Jacobian elliptic functions. Each time that such derivatives need to be evaluated, the answer can easily be picked up in the four series obtained from above. By properly combining the series of F(υ, h ′ ), E(υ, h ′ ), K(h), K(h ′ ) and E(h ′ ), we obtain: 
